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ABSTRACT

This article discusses the experimental implementation of
just intonation within the bach' software tool, a pack-
age for Max? dedicated to musical representation and
computer-aided composition. This implementation aug-
ments the already extant pitch data type with a representa-
tion of Helmholtz-Ellis Just Intonation pitches, as well as a
set of operations upon them, providing users with the vir-
tually unique ability, among software tools of this kind, to
manipulate algorithmically, as well as representing graph-
ically, such kind of pitch representation.

We shall firstly discuss the context for this new feature
set. We will then provide a brief introduction to the main
concepts of modern just intonation systems. Next, an
overview of the current status of pitch representation in
bach will be given, complemented by some general con-
siderations about tuning systems in computer music soft-
ware. Then we will delve into the details of the actual
implementation of just intonation in bach, from the per-
spectives of both the user and the underlying workings,
describing the syntax of the pitch representation and the
possible mathematical operations on justly tuned pitches,
and providing an overview of the bach modules dealing
with them. Finally, we will present some simple examples
of the new possibilities afforded by this new addition to the
bach package.

1. INTRODUCTION

Pitch representation in computer music software is a com-
plex topic. Simplistic representations, such as frequency
values or MIDI pitches, are easily implemented and allow
for a basic set of fundamental operations such as transpo-
sitions, expansions and inversions in the chromatic or fre-
quency space. The conversion between the two spaces is
mathematically simple, and involves logarithmic and ex-
ponentials (a corollary of the fact that human perception
of intervals relates to frequency ratios, rather than to fre-
quency differences).

On the other hand, such representations neglect a number
of details and possibilities that may or may not be rele-
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vant according to the aesthetic, theoretical and technical
context in which the representation is employed. These
include enharmonicity, that is, the distinction between e.g.
Ct and Db, and the expression of pitches in different tuning
systems.

Software tools for computer aided composition approach
these problems differently. The venerable PatchWork fam-
ily, including Patchwork itself and PWGL (both obsolete
nowadays) as well as OpenMusic, > used to rely on MIDI-
cents, which are just a higher-resolution variant of MIDI
pitches, with limited support for enharmonic information.
As mentioned above, this, and more specifically the fact
that real-valued MIDIcents are supported, in principle al-
lows one to express any pitch in any tuning system. In
this scenario, native semantic support — including, but not
limited to, graphical representation — is only provided for
divisions of the octave in 12, 24 or 48 equal steps. Recent
versions of OpenMusic provide semantic support for other
equal divisions of the octave. On the other hand, as we
shall see in section 2, this only covers a part of the prob-
lem.

OpusModus* and Music21° support operations with
both pitch classes (thus disregarding enharmonic informa-
tion) and an enharmonically-aware pitch data type; opera-
tions upon these two different representations are however
expressed very differently. ©

MaxScore ’ provides extensive support for all the afore-
mentioned features, with a strong focus on alternative tun-
ing systems, but it is aimed at graphical representation
much more than algorithmic processing, albeit in principle
(and, to some extent, in practice) the latter is also possible
[1].

The latest publicly distributed version of the bach pack-
age (version 0.8.1) supports both MIDIcents representa-
tion and a pitch type, which features advanced support for
micro-intervals and enharmonicity. On the other hand, its
support for alternative tuning systems is quite limited, and
essentially applies to equal-tempered microtonal subdivi-
sions of the octave.

3nttps://openmusic-project.github.io

4https://opusmodus.com

5www.music21.org

6 In computer science terms, the pitch data type of OpusModus, as well
as that of OpenMusic and Music21, is a class, that is, a construct associ-
ating data and operations upon it. This collides with the fact that “pitch
class” has a very specific, and completely unrelated, meaning in music
theory — the meaning referred to when discussing OpusModus and Mu-
sic21 a few lines above. For this reason we shall keep referring to “pitch
type” or “pitch data type” when it comes to the computer representation,
even if it is technically a class; and use the term “pitch class” only for the
music theory concept introduced by Allen Forte.

7 www . computermusicnotation.com
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It seemed to us that it would be an interesting feature for
bach to include full support for just intonation, which is
not just a variant of the widespread equal temperaments,
but rather is based upon on a different approach altogether.
We think that such a feature, which at the time of writ-
ing (October 2025) is functional in a pre-release version
of bach, may be of interest to a growing community of
composers and musical artists interested in working with
alternative tuning systems.

2. A SHORT INTRODUCTION TO JUST
INTONATION

The history of Western tuning systems is a fascinating and
complex topic in itself, and we are certainly not attempting
to tackle it in this article [2, 3, 4]. Still, from a modern,
non-historical perspective, two influential ways of deter-
mining which pitches and intervals are afforded to musi-
cians are equal temperaments and just intonation.

Equal temperaments (from now on, ET) take a reference
interval and subdivide it uniformly in a number of steps.
From a frequential point of view, if R is the size of the ref-
erence intervals, every one of the n steps corresponds to a
frequency ratio = /R, such that when we pile up n of
them — i.e., when we perform n consecutive multiplica-
tions of r — we get back R.

The reference interval R is often set to be the octave,
corresponding to a 2/1 frequency ratio. ET tunings based
upon the octave are called octaviant.

Subdividing the octave into n = 12 equal steps pro-
vides the widespread 12-EDO tuning, with EDO stand-
ing for ‘equal divisions of the octave’ (also known as 12-
TET, for ‘twelve-tone equal temperament’). This tuning
informs the vast majority of the music that we hear and in-
struments that we play in the Western world. In this case,
r = %/2=1.059... corresponds to a tempered semitone.
It is important to notice that this is an irrational number,
i.e., there is no way to obtain it as a proportion of integer
numbers. By stacking semitones, i.e., by multiplying r by
itself multiple times, we obtain every interval in the sys-
tem. The traditional Western system adds on top of this a
complex naming policy based upon the concepts of degree
and alteration, but this is beyond the scope of this introduc-
tion.

Subdividing the octave into n = 24 equal steps gives
the 24-EDO, i.e., the temperament of quarter-tones; with
n = 48 we get eighth-tones; and so on. Of course, histor-
ically, not all values of n have the same relevance, and the
profound reasons why the 12-EDO has emerged as a stan-
dard have to do with acoustics, psychoacoustics, algebra
and instrument making, and are certainly beyond the scope
of this article [5, 4, 2].

In any case, in principle, one can choose R and n freely.
At least a few non-octaviant ET system are in relatively
widespread usage, if only in the somewhat rarified com-
munity of tuning systems aficionados [6]. The most widely
known one is probably the Bohlen-Pierce equal-tempered
scale, with R set to 3 (the so-called ‘tritave’) and n to 13.

A profoundly different way of thinking about intervals,
traditionally traced back to Pythagoras of Samos, is to no-

tice that small-integer frequency ratios provide blueprints
for the most consonant intervals. Physiologically and cog-
nitively, this holds true only to a degree — consonance
is certainly a many-headed beast that we are not going to
tame here. You can refer to [7] for an insightful introduc-
tion. In any case, the choice of the octave as the reference
interval for an ET system aligns with this observation —
the octave 2/1 being the ‘most consonant’ interval in this
respect, after the unison (1/1). This idea highlights the role
of ratios such as 3/2 (just fifth) or 4/3 (just fourth), all cor-
responding to intervals borrowed from the lowest portion
of the harmonic series. Systems based upon this kind of
approach are often called just-intonation (JI from now on)
systems.

In a very profound sense, the friction between equal fre-
quential subdivisions (JI systems and the harmonic series)
and equal pitch subdivisions (ET systems) is the founda-
tional clash of worlds of Western music theory, as well
as the driving force that has shaped many of the features
of Western music. Among other things, one of the most
prominent reasons why 12-EDO has emerged as a stan-
dard is that it approximates relatively well a subset of these
small-ratio intervals, and particularly the fifth and fourth.
On the other hand, its approximations of the just major
third 5/4 and the just minor third 6/5 are suboptimal.

In a way, JI systems are simpler than ET systems since
the calculation of frequencies only requires multiplications
of rational numbers, whereas ET systems are based upon
irrational frequency ratios.

It is worth noting that, if we extend the idea of ET sys-
tem to a continuum of pitches (or logarithmic frequency),
then any frequency and frequency ratio can be represented
within it, including of course JI ratios. The case of 12-EDO
representation is particularly relevant because we often use
cents, that is, hundredths of 12-EDO semitones, as a sort of
‘neutral’ unit of measurement for pitch. Still, while repre-
senting JI pitches and intervals in terms of cents happens to
be convenient, the cents value will generally be irrational,
so any truncation will necessarily be approximated.

The opposite is almost possible: as any irrational number
can be approximated to any desired degree of precision to
a rational one,® then any ET pitch can be approximated
to a JI one with an arbitrary degree of precision. Decid-
ing which rational number makes a good approximation
involves balancing simplicity and accuracy. For example,
while 7 = 3.14159... can be approximated quite pre-
cisely by 31415/10000, a classic approximation such like
22/7 is arguably more expressive. Though less accurate, it
is much simpler — or, in musical terms, more ‘consonant’,
in the sense that it involves ratios between lower harmon-
ics. (Such approximations are often derived using contin-
ued fractions, which we’ll briefly touch on in Section 5.)

Combining steps of an EDO system is straightforward, as
every step is identical and one can stack them up as LEGO
bricks. JI provides a potentially infinite palette of bricks all
with different heights, so building your cathedral requires
further attention. This is to say that putting into practice

8 In formal terms, this is to say that the set of rational numbers is dense
in the number line.



the concept of just intonation is not without complications,
as the combination of different harmonics can produce a
potentially infinite number of variants of the same pitch.

For instance, consider the interval of major third C-E.
This can be obtained in two ways: by stacking four perfect
fifths (as in C-G-D-A-E) and adjusting by two descending
octaves ((3/2)*/4 = 81/64), or by associating it by defini-
tion with the pure ratio 5/4 (80/64). In fact, virtually any
interval can have different, equally reasonable variants —
not to mention the “unreasonable”, but not necessarily un-
interesting, ones.

One way to curb this potentially overwhelming combina-
torics is to generate tuning systems by stacking of a single
interval, a bit like in the EDO case, but with this inter-
val being a justly tuned one. The most prominent histor-
ical examples are Pythagorean tunings (used throughout
the Middle Ages, and still informing the tuning of string
instruments today), which generate all of their pitches as
combination of pure fifths. Their E would then be at an in-
terval of 81/64 above C. Of course, this comes at the price
of massively limiting the palette of just intervals at one’s
disposal. As a matter of fact, the ‘natural’ 5/4 major third
is ‘more consonant’ than the Pythagorean 81/64 one, in
that it correspond to a simpler ratio, but theoretically more
complicated as well, because it requires a generator inter-
val (5/4) higher up in the harmonic series, with respect to
the octave (2/1) and the fifth (3/2).

When thirds became unavoidable building blocks of con-
sonance, roughly during the Renaissance, just intonation
system emerged that would borrow the E from the har-
monic series, using this purer interval of 5/4 above C. The
two ratios 81/64 and 5/4 are close but not identical: their
discrepancy, given by their ratio 81/80, is known as ‘syn-
tonic comma’.

Theories of tuning are full of similar little discrepancies,
called commas, each corresponding to the distance (or,
more precisely, the ratio) between different variants of the
same interval. Their implications with respect to the mu-
sical language are massive. One way to face them is to
temper them, compromising the purity of integer ratios in
order to achieve, or at least approach, some target char-
acteristics — say, transposability, or enharmonic equiva-
lence. Many different tempered systems have emerged in
history, and the one that has today gained widespread us-
age, especially from the 19th century, is the twelve-tone
equal temperament. It can easily be said that the harmonic
language of many Western composers, from Schubert to
Schonberg and beyond, requires by necessity, and was ac-
tually prompted by, its uniformity. > On the other hand, the
aforementioned classical Western pitch naming policy, its
notation system, and the inner core of the highly norma-
tive set of compositional rules are deeply rooted in pre-ET
practice and theory, in a complex and often intimidating
multi-layered construction.

Another posture is to accept the variants of JI, embrac-

9 1t seems to be established, on the other hand, that the tuning system
for which Johann Sebastian Bach composed his Well-Tempered Clavier
is not the modern 12-EDO, but a different one on whose details entire
bookshelves of hypotheses have been written. Also, as a bit of trivia
fact, 12-EDQO is certainly not the longest-standing ‘standard’ — meantone
temperaments enjoyed a much longer period of prominence.

ing the diversity of intervals that rational frequency ratios
propose. Compositional interest in this approach resurged
in the mid-20th century, through the seminal works, writ-
ings and teachings of composers such as Harry Partch, Lou
Harrison and LaMonte Young, who started reconsidering
the affordances of JI theory and tunings with respect to
modernist music. This prompted the development of new
theoretical frameworks and notational systems aimed at
representing nuances that, in Medieval, Baroque and Re-
naissance music, were just outsourced to the preliminary
choice of a specific tuning system.

Modern approaches to JI are not just a matter of local
technical choices: the preference for JI over ET tends to be
a defining and affirming fact for composers who embrace
it, often identifying (or being identified) as JI composers,
and not seldom has philosophical and even political un-
dercurrents [8]. Within this context, tuning discrepancies
are often seen as fundamental compositional devices and,
as such, they require a notational framework to accommo-
date it. Intervals such as 9/7 or 11/7, for instance, are not
something one finds in a classical music theory book, but
they provide unique flavours that one can learn to appreci-
ate. To borrow a famous Partch’s metaphor, all these ratios
lie before us like a “large table of aromatic and unusual
viands” [9].

This is where modern-day JI notational systems come in:
they provide detailed ways, usually through the redefini-
tion of the frequency ratios associated with the white-key
pitches and the introduction of special symbols and acci-
dentals, to notate the different varieties of just intervals. In
the following sections, we shall briefly describe a few of
them.

2.1 Primes and limits

A crucial facet of just intonation is its connection with the
Fundamental Theorem of Arithmetic: the numerators and
denominators of a frequency ratio can be factorized, and
this factorization gives readable insight on the type of har-
monics (and intervals) involved. For example, 81/64 =
276x 3%, and 5/4 = 272 x5, Larger primes correspond to
higher harmonics, and the highest prime factor that shows
up in an interval ratio is called its /imit. For instance, 5/4
is in the 5-limit, while 81/64 is in the 3-limit. This means
that it can be built by combining intervals up to the third
harmonic (octaves and fifths), whereas, in order to build
5/4, we need intervals up to the fifth harmonic (that is, we
need to include pure major thirds) .

From a slightly different point of view, an interval can be
defined by a list containing the exponents of its factorisa-
tion, so that 81/64 is [—6, 4] and 5/4 is [-2, 0, 1]. Every
element in the list corresponds to one of the prime num-
bers, in ascending order.

2.2 Notating just intervals

But one thing is to have a consistent mathematical repre-
sentation for just intervals; another thing entirely is to have
a way to notate them that does not collide (too much) with
the traditional musical staff. This is clearly a bit of a bat-
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Figure 1. The Pythagorean spiral of fifths (enharmonic
pairs, such as Df and Eb, refer to different frequencies).

tle against windmills, because of the foundational clash of
worlds we mentioned above.

To find a compromise solution, a number of systems have
emerged in the last few decades. A relatively popular
one is Ben Johnston’s notation, which consider ‘white-key’
pitches (C, D, E, F, G, A, B) as belonging to the pure di-
atonic scale of the Renaissance, and introduces acciden-
tals to alter them by specific commas [10]. Another one is
Sagittal notation, a comprehensive system for notating mi-
crotonal scales and tunings using arrow-like symbols [11].
A third system, and one that is arguably gaining traction at
least in Europe, is the Extended Helmholtz-Ellis JI Pitch
notation (or HEJI for short) [12]. ' Due to its consistency
and relative simplicity, it is the notational system that we
have decided to embrace in bach.

Differently from Johnston’s notation, HEJI considers all
‘white-key’ pitches (C, D, E, F, G, A, B), as well as any of
their alterations with sharps and flats, as Pythagorean, i.e.,
organised in a spiral of 3/2 fifths (see Figure 1).

In other words, the core elements of the system are, by
default, in the 3-limit. For instance, HEJI considers Ej
as 81/64 above Cs. In order to vary the interpretation of
intervals, HEJI introduces specific accidentals, each rep-
resenting a comma. The crucial connection is that every
prime number comes with a specific comma that concerns
it.

The comma for the 5-limit is the syntonic comma 81 /80,
and its graphical HEJI sign corresponds to adding an up-
ward or downward arrow to the existing Pythagorean acci-
dental (or to a natural, if no accidental was provided). Of
course, raising by two or more syntonic commas is also
possible, and corresponds to adding more arrows. This
means that we can represent the 5/4 E (with respect to C)
in HEJI starting from the Pythagorean E and lower it by
one syntonic comma. But nothing prevents us to for exam-

10 Whereas Ben Johnston’s notation was indeed invented by Ben John-
ston, the Helmholts-Ellis system was inspired by the works of Hermann
von Helmholtz and Alexander Ellis, but actually developed in the early
2000s by Marc Sabat and Wolfgang von Schweinitz.

ple lower it by one more syntonic comma, or to raise it by
any number of syntonic commas instead.

There is also a comma for the 7-limit, called septimal
comma, whose accidental is inspired by the digit 7; it
amounts to 64/63, that is, the discrepancy between a
Pythagorean minor seventh and a harmonic seventh (the in-
terval between the 4th and 7th partial of a harmonic series).
There is a comma for the 11-limit (33/32), which, due to
its proximity with the tempered quarter-tone, is called un-
decimal quarter-tone; and so on. Since any positive frac-
tion can be factorised uniquely, any frequency ratio can be
expressed uniquely as a combination of a note name with
optional sharps or flats (corresponding to the factors 2 and
3) and a set of commas (introducing any higher prime). For
instance, the quite exotic fraction 15309/8800, represent-
ing yet another kind of minor seventh, can be decomposed

1
%:2‘%3%5—%71“1—1

but by introducing the necessary denominators and numer-
ators we can change every one of the primes beyond 2 and
3 into its respective comma. Now, each comma is the dis-
crepancy between a given prime-indexed harmonic, shifted
by one or more octaves (and thus multiplied by a power of
2), and the nearest Pythagorean pitch (whose factors are,
by definition, powers of 2 and 3). Therefore, changing a
prime into a comma requires us to counterbalance the ex-
ponents of the Pythagorean part of the expression. After
some number juggling, we are left with a decomposition
into a Pythagorean part (the 16/9 fraction) and a sequence
of commas:

15309 16 /81\* 64\ "' [33\'
——=—x|= x (= X | = .
8800 9 80 63 32

HEIJI features commas, and accidentals, for limits up to
prime 47 (the first few are displayed in Figure 2). The
mathematics is made easier by the fact that all these com-

mas only involve a single prime, in addition to powers of 2
and 3.

bbagy bbhhx by 'z

3-limit 7-limit 11-limit
81/80 64/63 33/32
+21.5 cents +27.3 cents +53.3 cents

(syntonic comma) (septimal comma) (undecimal quartertone)

d ¢ X 2 Nt

13-limit  17-limit 19-limit  23-limit
27/26 2187/2176 513/512 736/729
+ 65.3 cents + 8.7 cents +3.4cents +16.5cents

Figure 2. HEJI commas, for the first few primes, along
with their accidental representations. The deviations ex-
pressed in cents are approximations of irrational values.

As an example, our interval of ratio 15309/8800 would



be notated as in Figure 3, while Figure 4 shows the first few
elements of a harmonic series written in HEJI notation.
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Figure 3. HEJI representation of the interval 15309/8800:
starting from a Pythagorean minor seventh, we raise by two
syntonic commas, and lower by both one septimal comma
and an undecimal quarter-tone.
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Figure 4. A portion of harmonic series displayed in HEJI
notation. Increasingly more unusual accidental signs ap-
pear as the series goes higher, as higher prime factors re-
quire higher-order commas.

3. PITCHES IN THE BACH PACKAGE FOR MAX

bach is a software package aimed at augmenting the Max
programming environment with advanced musical repre-
sentation capabilities [13]. At its forefront are two mu-
sical notation editors and sequencers called bach.roll and
bach.score, both relying upon a set of custom data types
added to Max by the package, namely rational numbers,
multi-level lists (lllls in the bach jargon) and musical
pitches (more about these later). The two notation ob-
jects are complemented by more than 200 other modules
dealing with a wide array of operations, ranging from ba-
sic ones (such as arithmetic operations and elementary list
processing on the new data types) to advanced ones (such
as rthythmic quantisation and the solution of constraint sat-
isfaction problems). bach is free and open source soft-
ware; it was conceived in 2010 as a personal project and
has been constantly developed by the authors of this arti-
cle ever since. As of today, we estimate that it has some
thousands of users worldwide.

3.1 Pitch representation and operations

As hinted at before, one notable feature of bach is the fact
that it treats musical pitches as a full-fledged data type. In
the current (at the time of writing) publicly distributed ver-
sion of the system, a pitch is represented internally through
the following components:

* an integer representing the white-key class, from 0
() to 6 (B);

* a rational number representing the chromatic alter-
ation with respect to the white key, measured in
whole tones or fractions thereof;

* an integer representing the octave, according to the
convention by which the middle C is located at the
beginning of octave 5. Such relatively unusual con-
vention has been chosen for simplicity’s sake with
respect to the MIDIcents representation: in this way,
the octave of a pitch expressed in MIDIcents can
be calculated simply through an integer division by
1200. (For the reasons behind this seemingly id-
iosyncratic choice, as well as many more details
about all the information contained in this section,
see [14].)

So, for example Ebg, that is, the Eb in the topmost space of
the treble clef, will be represented through white-key class
2 (E), alteration —1/2 (one chromatic semitone lower) and
octave 6. It should be remarked that Dfg, that is, an en-
harmonic pitch corresponding to the same key on a piano
keyboard (and hence to the same MIDI note) is represented
differently from Eb.

One could rather see pitches as intervals counted from
Cop: in this sense, Gy represents not only a very low G,
but also a perfect fifth. This makes arithmetic operations
on pitches conceptually meaningful. Sums represent the
stacking of intervals (stacking a major third and a minor
third produces a perfect fifth, thus Eq+Ebg = Gg) as well
as transposition (transposing D4 a fifth above yields Ay,
thus D4+Gg = A4). Multiplying a pitch by an integer rep-
resents stacking an interval on top of itself multiple times
(three stacked major thirds yield an augmented seventh, so
Egx3 =Bfy). Dividing a pitch by an integer means di-
viding an interval in equal parts — which sometimes is
exactly possible and other times can only return an enhar-
monic equivalent to the result: for example, Bfiy/3 =E,
as per the previous example, but C; (which is enharmonic
to Bflp) divided by 3 does not have a solution proper, since
there is no interval that, stacked three times, forms an oc-
tave. !!  Yet, taking inspiration from what happens with
integer division, where (save of course for the case of di-
vision by 0) a result is always defined even if it entails
approximation, as in 7 = 3 = 2, we implemented pitch di-
vision so that it always produces a result, with a potential
enharmonic approximation: so, C;/3 will anyway return
Ep. A corresponding pitch modulo operation returns the
remainder of such division, always an enharmonic equiva-
lent of the unison. Multiplication and division of a pitch by
rational numbers then immediately follow as combinations
of integer multiplications and divisions. Quotitive division
of a pitch by a pitch is also possible, telling how many
times a given interval contains another — and always al-
lowing for enharmonic approximation when needed. For
all the operations and mathematical functions that do not
have a specific meaning with respect to pitches, the pitch
is preliminarily converted into MIDIcents. This ensures
that, for example, summing an actual pitch and a value in
MIDIcents (as in C5+500) produces a meaningful value
(in the example, 6500). '?

11 Of course this implies that, in agreement with classical Western mu-
sic theory, we are considering enharmonic distinctions in the picture,
something that sometimes escapes more informal discourses about inter-
vals.

12 The fact that, in the example in parentheses, the return value of the



Pitch comparisons also deserve a brief explanation.
Equality is trivial: two pitches are considered equal if all
their components are equal. So, Bff4 is considered differ-
ent from Cs, although they are enharmonically equivalent
and both correspond to 6000 MIDIcents. Converting to
MIDIcents and comparing for equality is also possible: in
this case, the two pitches will be considered equal. As for
inequalities, the ordering is always firstly defined by the
octave, subsequently by the white key if the octave is the
same, and finally alterations are taken into account only
if the two previous values are the same. For example, if
we compare Fibg with Dxg, the former will be considered
greater, because the white key is. On the other hand, if
those pitches are converted to MIDIcents, then the second
one is greater, as it corresponds to 400, while the first is
300.

Besides the arithmetic operations, bach features a number
of other modules dealing with pitches, for finding enhar-
monic equivalents, constructing computationally pitches
from various kinds of data and so on. Generally speaking,
the easiest way to represent a pitch in bach is just through a
text symbol resembling the ones above, and composed by a
mandatory white-key name (A, B, C, D, E, F, or G), an op-
tional sequence of accidentals expressed through specific
characters (# for sharp, b for flat, g for one quarter-tone up
and so on, covering ascending and descending chromatic
semitones, quarter-tones and eighth-tones), a mandatory
octave number and an optional further deviation, expressed
in tones or fractions thereof, followed by the letter t. Ex-
amples of valid pitch symbols (that, as stated above, can
also be considered as the representation of intervals cor-
responding to their respective distances from Cg) include
the following: C3, D#4, Fq0 (Fy plus one quarter-tone),
G#v6 (Gfg minus one eighth-tone), Bbb~5-3/19t (Blbs
plus one eighth-tone minus 3/19 of a tone).

Besides the actual pitch data type, all the objects dealing
with notation also accept and understand MIDIcents.

3.2 Limitations of the bach pitch representation

The pitch system of bach discussed above is essentially fo-
cused on the representation of equal-tempered, octaviant
tuning systems. More specifically, it is straightforward
to express through it semitones, quarter-tones and eight-
tones, since there are specific accidental symbols for them.
It is not difficult to express any other kind of division of the
semitone, by specifying the rational deviation from a ref-
erence pitch through the t part of the pitch symbol. More-
over, one can easily define custom structures of MIDIcents
associated with correspondingly custom structures of fre-
quencies. Formally, because there is a relatively simple
and universal definition of the mathematical relation be-
tween cents and frequency, one should assume to define
their custom MIDIcents structure so as to reflect the de-
sired frequency structure, and vice versa. Practically, if
one considers the MIDI representation as a numeric en-

sum is 6500 rather than F4 is linked to the problem of enharmonicity:
whereas intuitively we may think that 500 MIDIcents and Fq (and hence
a perfect fourth) are equivalent, they are not: in an enharmonically aware
system, 500 MIDIcents may as well be Effo (an augmented third), Gtbg (a
doubly-diminished fifth) and infinitely many more enharmonic variants.

coding of the layout of a physical instrument, then it can
be perfectly meaningful to elude this mathematical relation
altogether.

In fact, one can almost as easily associate note names
and accidentals with arbitrary frequencies, conceptually
not unlike re-tuning a piano to whatever collection of fun-
damental frequencies one may fancy. As long as a concept
of octave and a subdivision in 12 non necessarily equal
steps is preserved, such an operation poses no special prob-
lems, although it may as well be that processes often given
for granted (such as transposition) cannot be meaningfully
applied any longer. ' It should also be mentioned that
such an operation would require the user to choose univo-
cally between, say, Cf and Db: if the black key between
C and D is tuned as a Cf (calculated, for example, as a
5:4 ratio starting from A), then Db’s (calculated, for ex-
ample, as a 4:5 ratio starting from F) are out of the game,
and vice versa. For this reason, the whole pitch system of
bach, with its accounting for virtually infinite enharmonic
distinctions, '* is rendered useless and the user is better off
to stick to MIDIcents, since a value of 6100 (the black key
placed at the immediate right of the middle C) only has a
single possible interpretation in this scenario. Accounting
for more keys in an octave, as in split-sharp harpsichord
keyboards, would not change the gist of the reasoning, but
only require more MIDIcents values mapped to frequency
values within an octave.

Still, this is only a part of the representation problem:
the other part is semantic, and has to do with the inherent
relations and affordances that are built into a pitch struc-
ture, and the operations one can apply to it. In this sense,
the more one strays away from the aforementioned kinds
of division of the octave, the more the representation be-
comes cumbersome and problematic, at least within the
context of bach. Dividing the octave in a number of steps
that is not a multiple of 12 (that is, creating an octaviant
ET system that is not based upon the semitone) delegiti-
mates both note (and accidental) names and the diatonic
staff representation. Non-octaviant ET systems delegiti-
mate the octave concept altogether. Moreover, in such sce-
narios all the pitch operations described above lose their
meanings. Established systems such as ET Bohlen-Pierce
generally have their naming schemes and notational prac-
tices, but custom ET systems, that can be defined by just
plugging in the equation arbitrary generator ratio and num-

13 One specific and very relevant example of this scenario is the tun-
ing of keyboard instruments for music predating the ET era. Most of
the times, the keyboards of such instruments featured an arrangement of
keys exactly identical to the one of the modern piano, with all the em-
bedded knowledge of a diatonic seven-note scale punctuated by a specific
structure of five altered pitches and repeating at distances of octaves. As
hinted at above, such instruments can be tuned to a plethora of different
kinds of tunings, something that historically informed harpsichord play-
ers actually do all the times, according to the specific repertoire. Once the
instrument is tuned, though, it can only play in a few selected keys, and
the modern concept of transposition, by which a skilled pianist can just
move any piece of music up and down the keyboard in whatever tonality
she or he likes, is just inapplicable, as the same operation on an instrument
with such a tuning will almost invariably result in horrendously dissonant
chords and melodies.

14 Technically, due to the limited precision of numeric representation in
computers, the amount of enharmonic possibilities — and of pitches alto-
gether — in bach is not infinite. On the other hand, it is hardly imaginable
that in a realistic musical scenario the limits of their potential quantity are
hit, or even just approached.



ber of steps, are even more problematic: naming systems
notations addressing broader families of tunings have been
proposed, but their implementation would be difficult to
say the least. The ideal solution would be to provide users
with ways to implement their own pitch grammars, arith-
metics and notation system, something along the lines of
MaxScore’s scorepions [1], but such a device would risk
to pose other problems, especially in terms of efficiency.
The simple truth is that, as of now, bach is not currently
well-suited to such kinds of scenario.

4. JUST INTONATION PITCHES IN bach

The kinds of problems with generalised ET systems that
have been discussed above are magnified when it comes to
representing generalised JI systems. As hinted at above,
one specific historical just tuning system may as well be
implemented as a specific MIDIcents-to-frequency map-
ping. On the other hand, the generalisation of just in-
tonation systems, with their arbitrarily expanding series
of commas and potential interpretations of the same note
names and piano keys, poses substantially different prob-
lems from the ones that are faced in ET representation.

These considerations, combined with a personal fascina-
tion with the aesthetics and formalism of just-intonation
music, has prompted us to embark in the experimental
project of supporting generalised just intonation through
the HEJI system described above. '

The implementation of just intonation has required a thor-
ough rethinking of the pitch data type and its correspond-
ing operations. Whereas a preliminary hypothesis was to
keep the extant pitch type unchanged and add a further type
for JI, careful reflection prompted us to embed the two rep-
resentation in a single data type. Although this has caused
some additional complexity in the codebase, it also poses
great practical advantages that will be discussed further on.

4.1 Textual syntax: curly brackets

The fundamental principle is that, at the lowest level, a
pitch in bach is composed of two separate parts — an
equal-tempered part (already described in [14]) and a justly
tuned part. Both parts can be represented with letters, ac-
cidentals and octaves, and to distinguish between them we
use curly brackets. For instance, ES is the tempered E,
400 cents away from middle C, while E{}5 is about 408
cents away from middle C, or more precisely a 81/64 ra-
tio, corresponding to a Pythagorean major third. We shall
discuss now the JI part, and leave for a further section an
explanation of how the combination of ET and JI works.
C’s have a special status of ‘amphibian’ entities, in that
they constitute the reference point for both the bach ET and
JI systems: CO corresponds to O cents. Similarly, CO as a
justly tuned pitch has an interval of 1/1 from the equal-
tempered CO, so it corresponds to it. C1 is both equal tem-
pered and just, with an interval of 2/1 (octave), and so on.

15 Alongside just intonation, the forthcoming version of bach intro-
duces a third notation type, with a linear vertical pitch domain, as in a true
piano-roll scenario where all the semitone steps have the same graphical
distance. This notation type, which will not be discussed further here, is
meant among other things to enable more flexible display of non-standard
tuning systems.

All C’s will be both equal tempered and just so that C5
and C{}5 are exactly the same thing: bach will understand
both representations, but will always output the former.

Working with ratios with respect to CO is of course con-
sistent, but perhaps cumbersome operationally, and one
can change the reference pitch in several ways. A powerful
one is by writing an explicit frequency ratio in terms of a
rational deviation; for instance, to get a pitch a pure major
third above G{}5, one can write G{}5+5/4r. As a matter
of fact, one can consider the r part as the non-logarithmic
counterpart of the aforementioned t component represent-
ing the alteration expressed in terms of fractions of a tone
(e.g., E5+7/12t). The r part can as well appear on its
own, as a simple way to enter JI pitches directly in terms
of their generator fraction. Thus, writing 4 8 is equivalent
to writing G{} 5, that is, 48 = 2% x 3, that is, 4 octaves plus
one twelfth from CO.

Notice that G{}5+5/4r does not correspond to the
Pythagorean B{}5, but actually differs by it precisely by
one descending syntonic comma. A more convenient way
to notate this specific note is as B{-1}5: we are starting to
use the space between curly brackets to account for prime
commas, and the first term that appears corresponds to the
5-limit deviation, measured in number of syntonic com-
mas (81/80). Similarly, a pure major third over middle C
we find E{-1}5.

One can introduce additional commas, each correspond-
ing to a further prime number, by concatenating them via
colons. For instance, a harmonic seventh (the interval be-
tween the 4th and 7th partials of a harmonic spectrum)
above middle C we find Bb{0:-1}5, where 0 signals that
there are no syntonic commas, and —1 stands for the low-
ering by a septimal comma (64/63). This corresponds to
the decomposition of 7/4 into a Pythagorean and a septi-
mal part, whose exponent is precisely —1:

7 16 64\ !
—=— x| = .
49 63

Of course one can lower or raise by more than one comma
at a time; and you can pile up commas up to the 47-limit,
which is the highest prime for which the newest version
of HEJI specifications has an official representation [12].
For instance, the 7/4 ratio raised by an undecimal comma
(almost a quarter tone) gives Bb{0:-1:1}5.

4.2 Just Intonation Arithmetics

An arithmetic system for JI pitches, parallel to the ET one,
has been implemented. The fundamental concept that lies
at the heart of JI arithmetics is that any possible represen-
tation of a JI pitch is equivalent to a rational number ex-
pressing the frequency ratio: the various different repre-
sentations (exponents of prime factors; note name with op-
tional commas and sharps or flats; Helmoltz-Ellis, Sagittal
or Johnston’s; or any combination of those) are just differ-
ent ways of writing that rational number. With this in mind,
we can briefly discuss the main principles of JI arithmetics
in bach.



» Sums and subtractions of JI pitches produce transpo-
sitions, thus they amount to respectively multiplying
and dividing the corresponding frequency ratios.

» Multiplications and divisions of a JI pitch by an in-
teger or a rational make more sense if the pitch is
thought of as an interval. They amount to raising
the frequency ratio of the pitch to respectively the
integer or rational, or its opposite. This corresponds
respectively to stack multiple JI intervals on top of
each other, and to calculate how many times a given
interval contains a different one (for example, D{}1
/ G{} 0 returns 2, because a Pythagorean major ninth
is composed exactly of 2 Pythagorean fifths).

» Equalities and inequalities are calculated by simply
comparing the frequency ratios. Importantly, un-
like with ET enharmonics, the result always corre-
sponds to that of the comparison of the correspond-
ing MIDIcents values.

* For all the other possible operations, the pitch is pre-
liminarily converted into MIDIcents.

Through either direct expression or arithmetic operations,
it is possible to generate a JI pitch that should in princi-
ple exceed the 47-limit that is hard-coded within the bach
system. Because such a pitch cannot inherently be rep-
resented, there is an approximation mechanism that comes
into play in this situation: the desired pitch is approximated
to one with a smaller limit (47 by default, but a different
one can be chosen), within a range of error that can be
specified in MIDIcents (67 by default, roughly correspond-
ing to one third of a tone).

4.3 Internal Representation of Pitches

As mentioned above, in the forthcoming version of bach,
all pitches are actually composed of two parts: an ET one
and a JI one. The ET part is represented internally in terms
of the white-key class and a rational alteration. The JI part
is represented internally in terms of its corresponding fre-
quency ratio with respect to CO. The two parts share the
octave component, because the octave is the only interval
whose corresponding frequency ratio is the same, and as
such it would make no sense to treat it separately. In fact
the octave of any pitch is always stored internally within
the JI part of the pitch. In the simplest cases, the exponent
of the 2 factor actually coincides with the octave. On the
other hand, this is not true in general: for instance, a just
Gy has a ratio of 3 : 2 (or 3! x 271), because the numer-
ator 3 actually pushes the pitch to octave 1, and this must
be compensated by the denominator 2 so as to bring back
the pitch to octave 0.

Unlike the standard bach rational numbers, which are
stored internally as a simple pair of integers, the rational
representing the JI component of a pitch is stored in terms
of a vector of exponents of the first 15 primes, from 2 to
47. This vector is precisely the vector we mentioned at the
end of Section 2.1. The first 7 primes, from 2 to 17, are
allocated 8 bits each, allowing for exponents from -128 to

127; the subsequent 8 primes, from 19 to 47, are allocated
4 bits each, allowing for exponents from -8 to 7.

This peculiar representation is motivated by the fact that
the whole data structure for a pitch should fit into 16 bytes;
one byte is taken by the ET white key !°; four bytes are
taken by the ET alteration rational number (we deemed that
reducing the alteration to a two-byte rational number, with
8 bits each for numerator and denominator, was not enough
for the precision that is expected from the system); this
leaves 11 bytes for the JI part.

On the other hand, the JI part is not expected to be just
any rational number whose numerator and denominator
fall within a given range, as is the case for standard bach ra-
tionals as used, for instance, for the ET alteration. Rather,
frequency ratio are conceived and computed in terms of
the exponents of their prime factors. This means that
the range of their numerator and denominator is poten-
tially very wide (each would require more than 300 bits
to be represented as an integer), but also extremely sparse,
in that very few values over the range can be obtained
as a product of such primes with exponents the allowed
range described above. Thus, representing the ratio pre-
cisely in terms of its prime factor exponents is extremely
more space-efficient than employing a standard rational,
and hopefully not much more expensive in computational
terms. If anything, the basic mathematical pitch operations
are simpler: summing pitches, that is, multiplying ratios,
actually amounts to summing 11 bytes of exponents rather
than multiplying an almost 80-byte rational (more than 300
bits for the numerator and as many for the denominator)
and then having to simplify the fraction. The same line
of reasoning goes for pitch multiplication. As a matter of
fact, albeit technically possible, a standard rational repre-
sentation of JI ratios within the desired 47-limit would have
required very complicated and inefficient workarounds.

The choice of the ranges for the individual exponents,
and specifically the fact that lower prime factors expo-
nents have a greater range that higher ones, has been mo-
tivated by space considerations, and by the observation
that low primes such as 2 and 3 practically require a rel-
atively wide range of exponents (a HEJI Af, for instance,
is 2715 x 310), whereas prime factors higher than 13 or 17
are very seldom used, and if they are they probably have
very small exponents.

An important check that is carried out at the beginning
of virtually every operations on a pitch is whether the con-
cerned pitch is ET-pure or JI-pure, that is, respectively, if
the JI exponent vector is O for all the values except option-
ally the first (which means that only the octave JI compo-
nent is present); and if the ET white key and alteration are
both 0. Since, in practice, most pitches are expected to be
ET- or JI-pure, this check is specifically meant to avoid the
extra computational burden of dealing with the complexity
of the JI part for pitches that do not have one, save for the
octave. Among other things, ET-pure pitches always have
their octave coinciding with the exponent of the 2 factor,

16 Actually, 3 bits would be sufficient for representing 7 possible val-
ues, but using the remaining 5 bits for other purposes would have re-
quired deeper and more extensive and dangerous changes to the whole
bach codebase than we were willing to face.



thus making their manipulation even easier. As mentioned
above, C’s are exceptional in that they are both ET-pure
and JI-pure.

4.4 Mixing just and equal-tempered parts

The ability of expressing non-pure pitches has been added
in order to keep the bach type system simpler; to avoid a
proliferation of object attributes to distinguish between the
types of accepted and returned pitches; and, more impor-
tantly, to allow for the specific musical problem of setting
the reference for individual JI pitches.

Even more than ET pitches, JI pitches are inherently in-
tervals. A frequency ratio is not a frequency: it is a devia-
tion from a reference frequency, corresponding to a refer-
ence pitch. The reference pitch may as well be a JI pitch,
but at some point, as in the myth of the turtle supporting
the world, an arbitrary, non-relative pitch must be given.
In terms of the bach world, this means that this base ref-
erence must be an ET pitch. The choice of Cy is the most
elegant, because it is both an ET and a JI pitch, and also
because it corresponds to 0 MIDIcents, which is a natural
starting point. On the other hand, it is not the only possible
choice. To express, for example, a pitch located a just fifth
above A3, we can simply write A3+G{}0. In fact, enter-
ing a sum or a subtraction of an ET and a JI component
will result in a non-pure pitch. Incidentally, when the ex-
pression is parsed and the pitch is generated and stored, the
octave number that here is attached to the ET part will be
summed to the one attached to the JI part (0 in this case)
and to the optional frequency ratio, and stored as the expo-
nent of prime 2 of the JI part.

Arithmetics of non pure-pitches works according to the
same rules as for pure pitches, with the two parts com-
puted separately and then summed together again. On
the other hand, the two parts are not fully independent as
they share the octave specification. This means that the
same pitch could be represented for instance as A3+G{}0,
A0+G{}3 or even A1+G{}2. All those writings are actu-
ally equivalent and will have the same internal represen-
tation. When required to output a textual representation
of non-pure pitches, bach will follow a standard form by
which the octave number is attached to the ET part except
in the case of JI-pure pitches.

Non-pure pitches can be also leveraged to solve elegantly
specific musical problems, such as representing the har-
monic series of a given ET pitch such as A3 — something
that can be expressed as, for instance, the sequence A3,
A3+2r,A3+3r, A3+4r and so on.

5. AN ECOSYSTEM FOR JUST INTONATION

Just intonation comes with a set of objects dedicated to
make it work properly.

There are two objects that can be seen as Swiss-army
knives for pitches. One is aptly called bach.pitch, and it
performs various kinds of conversion, query, packing and
unpacking for pure and non-pure pitches. It can, among
other things, separate the individual components of a pitch
(white-key class for the ET and JI parts, ET alteration, JI

commas, octave); convert a pitch in MIDIcents; and re-
trieve the frequency ratio or exponent vector for a JI pitch.
Also, it can build pitches starting from all those separate
components.

The other general-purpose object is bach.eval. This is
a very advanced object, implementing a small functional
programming language called bell and meant to facilitate
the expression of complex algorithmic problems in bach
[15]. Among its features, bell provides a set of functions
operating on pitches and reproducing within the context of
the language the various possible behaviours of bach.pitch,
and more. As a matter of fact, bell is probably the most
advanced and comprehensive way to deal algorithmically
with the complexity of pitch representation.

bach.eval can perform all the arithmetic operations men-
tioned above, but they are also accessible from simpler
dedicated modules such as bach.+, bach.- and so on, as
well as the bach.expr object, which is a general evaluator
for mathematical expressions. !’

A way to generate sequences of rational numbers is the
bach.fareyser module, which produces Farey series, i.e.,
ordered sequence of reduced fractions with denominators
less than or equal to some number. These sequences are
often used by composers interested in just intonation and
spectralism as ‘reservoirs of consonances’.

Another important facet of dealing with rational num-
bers is to handle their approximations. The bach pack-
age already includes bach.approx, approximating to equal
tempered grids, but approximating just intonation ra-
tios is much trickier as rational numbers are dense in
the real number line. To this end, we have included
bach.continuedfraction, computing rational approxima-
tions by using the convergents (and, optionally, semicon-
vergents) of continued fractions. This object is not just
useful to approximate rational numbers with simpler ones,
but rather any floating point number, and indeed approx-
imations of irrational number have profound significance
[16], as exemplified in Figure 5. '8

In order to explore Partch’s “large table of aromatic and
unusual viands”, we have added a brand new object, called
bach.jiwheel, where one can explore pitches and intervals
interactively by zooming and selecting. The bach.jiwheel
object shows JI pitches up to a given limit arranged in a
circular fashion, and returns visual information about their
graphical representation and mathematical properties.

Finally, one problematic aspect with tunings other than
12-EDO is the difficulty of handling them in MIDI-based
contexts. For a long time, the only practical way to play
even just quarter-tones was to set up clumsy contraptions
of MIDI channels and pitch bend: this is, among other
things, how microtonal playback works in OpenMusic, and
how it is implemented in the bach.ezmidiplay module.

Luckily, in recent time, a number of microtonal MIDI
protocols have emerged to ease this process. In partic-

17 Actually, the simpler arithmetic modules are wrappers for
bach.expr.

18 The bach package also already included the bach.float2rat mod-
ule, designed for rational approximation of floating point numbers, ac-
cording to different types of criteria, such as error thresholds and maxi-
mum denimonators.



Figure 5. The continued fraction convergents for log, 3/2
are profoundly connected with equal temperaments that
best approximate the fifth 3/2. You will notice, in partic-
ular 7/12 (corresponding to the common 12-EDO, whose
perfect fifth is on the 7th step) and 31/53 (corresponding
to 53-EDO, whose fifth is on the 31th step).
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Figure 6. The bach.jiwheel object provides an interactive
way to explore just intonation pitches and intervals, while
monitoring their mathematical relationships.

ular, the MTS-ESP protocol19 is becoming a standard,
and it is now implemented in a large number of plugins
and applications. To take advantage of it, we have en-
dowed bach.playkeys (the object responsible for extract-
ing and formatting playback information from the output
of notation editors) with the ability to act as a MTS-ESP
master, handle all microtonal adjustments internally, and
communicating them on a note-by-note basis to MTS-ESP-
compliant plugins. This allows seamless microtonal play-
back of bach scores with very little effort on the user’s
side. There are inevitable limitations anyway, due to the
fact that all these are essentially hacks on the MIDI proto-
col, and there may be situations in which a note cannot be
reproduced. On the other hand, Max allows one to build
their own sound generation modules directly in the envi-
ronment. Users willing to do so will be able to overcome
all the limitations of MIDI.

19 https://oddsound.com

6. EXAMPLES

As a first, simple example of application, consider the so-
called ‘Benedetti’s puzzle’: a looping progression of four
chords that, when performed in rigourous JI, prompts the
tuning to raise by a syntonic comma every time [17]. The
patch in Figure 7 shows how, starting from the initial cell,
one can build this comma-raising sequence just by using
bach.+ C{1}0.

As a second example, consider the patch in Figure 8,
which uses the concept of Farey sequence (also connected
to mediants) to produce a descending sequence of inter-
vals, from the octave to the unison, along with the funda-
mentals that their respective harmonic series underpin.

7. CONCLUSIONS AND FUTURE WORK

As mentioned above, at the time of writing the pitch system
is fully implemented and is undergoing an extensive testing
phase. We will hopefully be able to publicly release the
new version of bach before the end of 2025.

This being said, the current implementation of JI pitches
can be seen as the starting point for a much ampler work
on supporting more features related to pitch representation
and tuning systems. One interesting addition could be sup-
porting Scala files. On the other hand, those are already
supported by Max’s native objects mtof and ftom, and their
very nature — just a list of cents or frequency ratios —
makes them only adapted to the basic way of dealing with
tuning systems other than 12-TET through, so to speak,
“retuning the piano strings”, that is, associating arbitrary
MIDIcents values to the data describing each specific scale
or tuning.

In order to complement this limitation, we could add na-
tive support for at least a few established non-standard tun-
ings such as the aforementioned Bohlen-Pierce. On the
other hand, the notation editors should integrate the respec-
tive accidental sets and general paradigms of behaviour;
and, even more importantly, the bach type system should
be enhanced so as to accommodate these additional tunings
— something probably not impossible, but surely rather
complicated.

Finally, bach is at the core of a wider ecosystem of Max
packages, also including cage (for high-level musical pro-
cesses), dada (for creative graphical interfaces and data
corpus management) and ears (for non-realtime algorith-
mic audio processing). It would definitely be useful to at
least include in cage some new tools for making the usage
of the admittedly complex new pitch system easier and less
intimidating.
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Figure 8. A descending Farey sequence of fractions built over A{} 5, with the fundamentals of their corresponding harmonic
series highlighted in the lower staff.
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