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ABSTRACT

The Symmetric Projection Attractor Reconstruction
(SPAR) method was proposed to visualise and analyse non-
linear characteristics of physiological signals. It has re-
cently been applied to music signals to visualise instru-
ment timbre. Here we evaluate its use for characterising
pitch sets, timbre, and tuning in music signals, and cre-
ate a real-time visualisation tool based on SPAR to analyse
live music. We show how SPAR integrates phase space
reconstruction with the Discrete Fourier Transform (DFT)
to generate attractors whose shapes reflect the signal’s dy-
namic structures. Using synthetic sounds, the attractors are
shown to quantify the interference of different harmonics,
music intervals, chords or tuning systems. The aliasing
effect is found to significantly affect the shape of the at-
tractor, and perceptual properties like dissonance and com-
mensurability are linked to the attractor’s entropy. Us-
ing sampled audio in the NSynth dataset, the attractors
discriminate between timbres through geometric density
patterns over a wide range of pitches. Cluster analysis
achieved perfect classification accuracy between flute and
brass instruments. The real-time SPAR visualisation en-
ables interactive analysis and visualisation of pitch, tim-
bral, and tuning characteristics in live music sounds evolv-
ing dynamically over time, offering novel ways to repre-
sent and process music audio. Applications include music
signal analysis and learning, sound and instrument design,
and live multimedia performance.

1. INTRODUCTION

Music signals exhibit rich acoustic characteristics such as
timbre, pitch, and tuning variations, which are encoded
in the harmonic structure, amplitude envelope, and wave-
form morphology. The analysis of these elements is mainly
based on traditional time domain or frequency-based repre-
sentations  such as  spectrograms and  Mel-
frequency cepstral coefficients (MFCCs). However, these
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methods may fail to capture morphological trajectories or
nonlinear phenomena that give rise to perceptual differ-
ences across musical signals. To address such limitations,
recent studies of nonlinear dynamics have provided promis-
ing approaches such as the Variable Markov Oracle(VMO)
to analysing complex audio signals beyond traditional
methods using low-level acoustic representations [1]. Ap-
plications such as pitch perception [2] and affect recogni-
tion in speech [3] have explored the use of nonlinear dy-
namic models. One approach is phase space reconstruc-
tion, grounded in Takens’ embedding theorem, which pro-
vides a geometric framework for reconstructing dynami-
cal states in time series by embedding them into a higher-
dimensional phase space. An earlier study [4] compared
phase space reconstruction analysis to MFCC features in
speech recognition, suggesting its potential in audio pro-
cessing. However, there is a lack of tools in the literature
for systematic analysis of the influence of various signal
features on its shape and phase space characteristics.

In this study, we developed an implementation of the Sym-
metric Projection Attractor Reconstruction (SPAR), called
SPAR-RT, to represent a signal’s phase space as attractors
in two-dimensions. The SPAR method was initially intro-
duced to analyse physiological signals [5], then applied to
musical signals by Solinski et al. [6] for the visualisation
of instrument timbres. SPAR-RT offers animated visual-
isations of attractors generated from uploaded music files
or real-time audio captured via a microphone. We use this
framework to create attractors based on synthetic and real
acoustic sounds to investigate how musical features such
as timbre, pitch, and tuning shape dynamical and nonlin-
ear characteristics of sound signals.

The remainder of the paper is organised as follows: Sec-
tion 2 introduces the theoretical background and principles
of the SPAR method; Section 3 describes the datasets and
experiment design; Section 4 presents the results including
both quantitative measurements and visualisations of the
SPAR attractors; Section 5 discusses the findings in rela-
tion to the theoretical framework; Section 6 concludes the
paper and outlines the future work.

2. METHODS

This section details the SPAR methodology, covering the
mathematical framework, quantification measures, and se-
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lection of parameter used for generating attractors, as well
as the real-time implementation (SPAR-RT) developed for
interactive analysis.

2.1 Symmetric Projection Attractor Reconstruction

We adopt the SPAR method as a new representation of au-
dio signals. The introduction and mathematical interpreta-
tion of the SPAR method are described in [7]. The SPAR
method embeds time series into N-dimensional phase space
delay coordinates with a specified time delay 7 = T'/N (T
is the average period of the raw signal) and projects the
results onto a 2D representation of an attractor. The attrac-
tor’s trajectories capture the local waveform morphology
and variability between the signal’s cycles.

Given an audio signal x(t) with average period T, the
(N, k) attractor is defined as the k-th projection of an N-
dimensional phase space representation of the signal z(t).
The delay vector is defined as zn ;(t) = z(t — j7),j =
0,...,N — 1. The coordinates of the (N, k) attractor a(t)
and b(t) are as follows:
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2.2 Analysis and Parameter Selection

Next, we describe the quantitative measures used to anal-
yse the generated attractors and detail the approach for se-
lecting proper parameters [V and k of the SPAR method.

2.2.1 Quantification and Analysis of Attractors

The attractors can be quantified and analysed by four mea-
sures based on polar coordinates:

* r density: the density distribution in function of the dis-
tance (radius) from the attractor’s centre;

* 0 density: the density distribution with angle (0 — 27);
* outline: the maximum r of an attractor for a given 0 an-
gle; and,

* joint entropy: the joint entropy distribution over the
(r,0) space.

2.2.2 Selection of Parameters

The coordinates of attractors (an x(t), by k(%)) are the real
and imaginary parts of the k-th coefficients of the Discrete
Fourier Transform for the vector « y ;(¢). This fundamen-
tal linkage to spectral representations of signals guides the
selection of the attractor’s embedding dimension N and
projection index k.

The SPAR method defines | 25 | distinct projections for
a given N based on the properties of the circulant ma-
trix. Consequently, the selection of projection index is
ke {1, [N=1]).

The average period 1" determines the frequency resolu-
tion of the SPAR method as 1/7. The frequency of th
k-th projection is consequently given by fr, = k/T. For

extracted IV points, the effective sampling rate is fo;r =
N/T, so the Nyquist frequency is:

N
fNyquist = ﬁ (3)

According to the Nyquist—-Shannon sampling theorem, any
signal component with a frequency higher than fnyquist
cannot be independently resolved by the DFT system of
N points, which results in aliasing. Therefore, the selec-
tion of IV is crucial to a proper analysis using SPAR as
it relates to the maximum number of harmonics that can
be represented without aliasing. However, increasing [N
indefinitely does not always yield better results. It may in-
troduce unnecessary computational effort and complexity
in the analysis.

2.3 Real-time Implementation of SPAR for Music

We present a dedicated implementation of the SPAR method
referred to as SPAR-RT as shown in Figure 1.

Figure 1: The user interface of the SPAR-RT tool

Built using Python, SPAR-RT is designed to enable the in-
teractive analysis and intuitive observation with two modes:

* Real-time: The tool captures the surrounding sound and
generates corresponding real-time attractors.

* Animation generation: This mode allows users to up-
load audio files and export corresponding attractor anima-
tion videos synchronised with the audio.

Both operational modes support the adjustment of key SPAR
parameters (N, k) and frame settings (window and hop
size) to optimise the visualisation for specific analysis goals.
The user may also choose to view the visualisations on a
white or dark background.

Example videos of visualisations demonstrating the dy-
namic visualisation capabilities of SPAR-RT are provided
in the Supplementary Material.

3. DATA

This section describes the synthetic and real audio datasets
used to investigate how musical characteristics like timbre,
pitches and tuning are represented by the SPAR method.



3.1 Synthetic Sinusoid Harmonic Waves

We generated synthetic sinusoid harmonic waves by com-
bining sinusoidal waveforms having different frequencies,
where each frequency was an integer multiple of the fun-
damental frequency. The mathematical formulation of the
synthetic sinusoid harmonic wave is as follows:

M

2(t) = Y Ap - sinrmfot + ém), )

m=1

where fj is the fundamental frequency, and A,,, and ¢,,
are the amplitude and phase of the m-th harmonic, respec-
tively.

To explore how different harmonic components impact
the shape of attractors, we used two settings of composite
sinusoidal signals, containing three and six harmonic com-
ponents, respectively. Different embedding dimensions (N
5,10) were selected for attractor generation. The funda-
mental frequency was set to fo = 440 Hz and the average
period T was 1/ fo. Signals were generated at the sampling
rate (fs) of 44000 Hz, ensuring that T * fs/N was an in-
teger. This prevented misalignment between the sampling
rate and the SPAR delay (7 = T'/N) caused by rounding
errors.

3.2 Intervals

Using SuperCollider, we synthesise all dyads in the chro-
matic scale as a pair of pure sine waves. For each dyad, we
generate its attractor with parameters N = 4 and k = 1
to avoid aliasing. We then compute the joint entropy and
plot it alongside a dissonance curve modelled on pure sine
wave interactions, as proposed in [8].

3.3 Tuning and Chords

To evaluate how different tuning systems are represented
by SPAR, we synthesised both C major and C minor chords
using pure sine waves. For each chord, one version was
tuned according to the just intonation tuning system, in
which pitch relationships follow simple integer ratios (e.g.,
5 : 4 for a major third, 6 : 5 for a minor third), and another
in equal temperament system, where frequency ratios are
defined by dividing the octave into twelve equal parts on a
logarithmic scale. Table 1 provides an example of the fre-
quency ratios in each tuning system for a major triad and a
minor triad, and Table 2 gives the actual frequencies for a
C major triad and a C minor triad.

Chord Just Int. Ratios | Equal Temp. Ratios
major triad 1, 2, 2] 1, 94/12. 27/12}
minor triad [1, 8, 3] [1, 23/12, 27/12]

Table 1: Frequency ratios of a major and a minor triad in
Just Intonation and Equal Temperament tuning systems

Pitches Just Int. Freq. (Hz) | Eq. Temp. Freq. (Hz)
C,E,G | [261.7,327.0,392.4] | [261.7,329.6,392.0]
C,Ep, G | [261.7,314.0,392.4] | [261.7,311.1,392.0]

Table 2: Rounded frequencies of generated C major and
C minor chords in Just Intonation and Equal Temperament
tuning systems (base note: C = 261.7 Hz)

3.4 Real Acoustic Instrument Audio

We applied the SPAR method to real acoustic signals to
show differences in generated attractors regarding the tim-
bre of the instruments. We used 22 samples of flute sounds
and a brass instrument (44 samples in total) from the NSynth
database by Google Inc [9]. Each audio sample consists of
a single note with a fixed pitch, ranging from G4 to E6
across samples, and a duration of 4 seconds.

We applied the SPAR method to these samples using two
embedding dimensions, N = 5 and N = 10. The gen-
erated attractors were compared and analysed in terms of
both pitch and instrument timbre. To quantify attractors,
we extracted three measure profiles (r density, 6 density,
and outline) and concatenated them into a single profile
vector as the numerical representation for each attractor.

Finally, we clustered the vectors using hierarchical clus-
tering, with the results demonstrated in a dendrogram.

4. RESULTS

This section presents the results for both synthetic and real
acoustic audio signals, demonstrating how the SPAR method
effectively characterises and distinguishes musical features
such as harmonics, dissonance, tuning, pitch and timbre.

4.1 Synthetic Sinusoid Harmonic Waves

Figure 2 shows the attractors generated from a sinusoidal

harmonic signal consisting of three components based on

different dimensions N and projections k. We observed:
When N =5, k € {1, 2}, fnyquist = 1100 Hz, and

e k = 1 (440 Hz), the attractor appears as a perfect
circle.

e k = 2 (880 Hz), the attractor is a star-shaped struc-
ture with a five-fold rotational symmetry due to alias-
ing from the harmonic with 1320 Hz.

When N = 10, k € {1,2,3}, fnyquist = 2200 Hz,

» All three attractors show perfect circle shapes, which
indicates that three sinusoidal components have been
fully resolved by the SPAR with a high dimension
N = 10.

Figure 3 illustrates the attractors for the sinusoidal har-
monic signals consisting of six components based on dif-
ferent dimensions /N and projections k.

When N =5, k € {1,2}, fnyquist = 1100 Hz, and

* k = 1 (440 Hz), the attractor exhibits a unique petal-
like structure with five-fold rotational symmetry. Five



Figure 2: The shapes of attractors for audio signals con-
sisting of three sinusoid functions with N = 5,10 and
k = 1,2,3. The non-circular attractor (5,2) is a mani-
festation of aliasing from higher harmonics.

distinct petals are symmetrically distributed around
the centre point.

e k = 2 (880 Hz), the attractor presents a star-like
structure with five-fold rotational symmetry.

When N =10, k € {1,2,3,4}, fnyquist = 2200 Hz, and

e k =1,2,3 (440 Hz, 880 Hz, 1320 Hz), the attrac-
tors show the perfect circles, indicating sinusoidal
components are fully represented.

* k = 4 (1760 Hz), the attractor presents a star-like
shape with five-fold rotational symmetry.

The results suggest that for the m-th sinusoidal compo-
nent with a frequency f,, > fnyquist We observe aliasing
at fal'ias = |fm - feff| = |fm — 2% fNyquist|- The corre-
sponding projection k of the attractor for resolving fuiiqs
exhibits rotational symmetry.

4.2 Intervals

The shape of the attractor varies noticeably across dyads
in the chromatic scale. We observe that its structure is pri-
marily determined by the frequency ratio between the two
tones, influenced by two key factors: beating and com-
mensurability (the existence of a shared multiple among
frequency periods). Both factors are known to impact au-
ditory perception [10], and their effects may emerge at dif-
ferent time scales, either within a single analysis frame or
across multiple frames. To illustrate effects that unfold

Figure 3: The shapes of attractors for audio signals con-
sisting of six sinusoid functions with N = 5,10 and
k =1,2,3,4. The non-circular attractors (5, 1), (5, 2) and
(10, 4) are manifestations of aliasing from higher harmon-
ics.

over time, a video showing the attractors for all dyads is
provided in the Supplementary Material (Supplementary
Animation 1). As expected, the attractor derived from the
unison and octave forms a perfect circle, reflecting the fact
that the sound frequencies were either identical or related
by a factor of two, respectively. Notably, the intervals of
the fourth and the fifth (see Figures 4f and 4h) produce
attractors with shapes that are similar one to another but
distinct from the shapes of other intervals.

We compared the dissonance curve for two pure sine waves [8]

with the joint entropy of the attractor; both measures show
similar patterns as shown in Figure 5. The lowest values
for both measures appeared at the unison and the octave
(12 semitones) intervals, considered the most consonant.
From the unison to the minor second, we observe a steep
rise toward a maximum level for both entropy and disso-
nance, followed by a gradual, monotonic decrease toward
the octave. This comparison shows an existing relationship
between the SPAR representation and aspects of sound per-
ception.
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Figure 4: Attractors for all dyads in the chromatic scale
for N=4 and k=1

4.3 Tuning and Chords

The attractors exhibit significant differences between 12-
tone equal temperament and just intonation tuning systems.
This shows that the attractor’s shape is highly sensitive
to the commensurability of the signal’s frequency compo-
nents. Commensurability refers to how closely the indi-
vidual signals’ periods share a common multiple. To de-
termine this common multiple, calculate the least common
multiple (LCM) of the denominators of the frequency ra-
tios [11]. For example, the major triad in just intonation,
with frequency ratios 1 : 2 : 2, realigns every LCM (4, 2) =
4 cycles of the fundamental frequency. The minor triad,
with ratios 1 : g : 2, realigns every LCM(5,2) = 10 cy-
cles, indicating a longer but still periodic alignment. These
simple integer ratios produce bounded, low-entropy attrac-
tors, with the minor chord’s attractor showing a slightly
more intricate pattern (see Figures 6a and 6b). In con-
trast, equal temperament uses irrational frequency ratios
that approximate just intervals logarithmically. These in-
commensurable components contribute to more complex
attractor shapes with chaotic behaviour (without strict pe-
riodic loops; see Figures 6¢ and 6d).

Although the relationship between tuning systems and

Comparison of Dissonance and Entropy
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Figure 5: Normalised dissonance and joint entropy for
pure sine dyads of the chromatic scale.

perceptual roughness remains debated, previous studies have
linked commensurability to spectral interference and rough-
ness perception [12], suggesting another connection be-
tween the attractor’s shape and another aspect of sound
perception.

4.4 Real Acoustic Instrument Audio

Figure 7 shows the 5-dimensional attractors (N = 5) ex-
tracted from the flute sound with pitches A4 (440.0 Hz)
and C#6 (1108.73 Hz) and their corresponding power spec-
tra. For A4, the power spectrum contains multiple har-
monic frequency components, and the corresponding at-
tractor exhibits a non-circular five-fold rotational symme-

(b) C Minor triad in just into-
nation tuning system

(a) C Major triad in just into-
nation tuning system

(¢) C Major triad in equal
temperament tuning system

(d) C Minor triad in equal
temperament tuning system

Figure 6: Attractors of C Major and Minor triads with
N = 3 and k£ = 1 in just intonation and equal tempera-
ment tuning systems.
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Figure 7: The attractors from the flute sounds on different
pitches (A4 and C#6) and corresponding power spectra.

try. For pitch 85, the attractor has a circular outline, and the
spectrum shows fewer harmonic components with a sig-
nificantly dominant main fundamental frequency. A dy-
namic visualisation illustrating how the shape of the 5-
dimensional attractor evolves as the pitch increases is pro-
vided in the Supplementary Material (Supplementary Ani-
mation 2)

Figure 8 shows the comparison between the 10-dimensio-
nal attractors extracted from a flute and a brass instrument
at the same pitch of F#5 and their corresponding attractor
measure profiles. Both attractors are circle-shaped, indi-
cating that the selection of the dimension N = 10 resolved
the audio signal well without significant aliasing. How-
ever, they are distinct in density distribution. The attrac-
tor representing a brass instrument reveals a higher density
concentration in the centre and in the ring with a radius
of approximately 0.15, compared to the attractor extracted
from the sound of a flute. For the 6 density profile, we
observe an oscillatory-like pattern for the attractor linked
with a brass instrument, while the profile for the flute is
distinctly flatter. The outline profiles for flute and brass ex-
hibit distinct geometric patterns across the angular domain.
The flute profile shows higher and more fluctuating maxi-
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Figure 8: The attractors of flute and brass with N = 10,
k = 1, pitch = 78, along with the corresponding pro-
files of the three attractor measures. Here, the attractors
are shown as heat maps depicting the density of points in
phase space used to calculate the density profiles.

mum r distances. In contrast, the brass profile is generally
lower and more variable, suggesting a less symmetrical or
more irregular attractor geometry.

Figure 9 illustrates the dendrogram generated from the
hierarchical clustering of concatenated profile vectors. Us-
ing a distance threshold of 50, two distinct clusters emerge:
one composed entirely of brass instruments and the other
exclusively of flutes.
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Figure 9: The dendrogram created from the distances be-
tween different 10-dimensional attractors.

5. DISCUSSION

In this work, we have applied the SPAR method to charac-
terise dynamic changes in the synthetic and acoustic audio
signals and presented the differences between attractors re-
garding timbre, pitch (including pitch sets) and tuning.

The analysis using harmonic sinusoid signals revealed
the occurrence of aliasing, which deforms the complete re-
construction of the phase space. We showed a close rela-
tion between the embedding dimension N, projection index
k, and the signals’ frequency harmonics. These findings
deepen our understanding of SPAR visualisation capabili-
ties and enhance the interpretability of the geometric pat-
terns, offering guidelines for parameter selection in future
applications.

The differences between attractors for distinct dyads demon-
strated the phenomenon of frequency intervals resulting in
differential projections of phase space. Specifically, we
observed that more dissonant intervals, typically associ-
ated with prominent beatings, correspond to attractors with
higher joint entropy. This suggests a close relationship be-
tween the shape of the attractor and perceptual phenomena
such as dissonance and beatings. The comparison between
just intonation and equal temperament demonstrated that
the attractor is sensitive to the commensurability of fre-
quency components, which is also a measure of dissonance
and roughness. These results highlight the potential of the
SPAR method as a tool for linking signal structure to audi-
tory perception.

The analysis of real acoustic signals confirmed the pres-
ence of a direct link between signal harmonic contents and
attractor morphology, which is consistent with the obser-
vations for the synthetic harmonic sinusoids. The SPAR
method was also able to distinguish between instrument
families using geometric density profiles, even when the
overall attractor shapes appear visually similar and circu-
lar. These examples demonstrated that SPAR can discrimi-
nate betwee subtle dynamics and inharmonicity within real
acoustic audio signals, providing a powerful means to dif-
ferentiate between sonic timbres. The classification using
hierarchical clustering of the concatenated SPAR features
suggests that the SPAR method may extract instrument-
specific characteristics that complement traditional spec-
tral features, thereby enhancing automatic instrument recog
nition. Future research involving supervised machine learn-

ing techniques could explore the effectiveness of this ap-
proach across a broader range of instruments and pitches.

This study offers a foundational analysis of the SPAR
method as a music signal representation. There are some
limitations to the approach. The analysis on synthetic data
was conducted under controlled conditions, specifically by
ensuring the sampling frequency was perfectly aligned with
the SPAR time delay and dimension N. While the valida-
tion on a real acoustic dataset matched the findings on syn-
thetic data, this perfect alignment may not occur in a real-
world scenario, which may introduce distortions in the tra-
jectories of attractors. Therefore, future work is needed to
more thoroughly analyse how to quantify and interpret this
real-world shift, which would enhance the SPAR method’s
robustness for practical applications.

The development of the real-time visualisation and an-
imation generation tool provides a promising option for
such future exploration, enabling interactive analysis and
intuitive observation of evolving acoustic features over time,
for instance in performance contexts where visualisation
of attractors provides expressive feedback for sound and
instrument designers, composers, performers, and the au-
dience.

6. CONCLUSIONS

This study presents an analysis of the Symmetric Projec-
tion Attractor Reconstruction (SPAR) method as a novel
representation for music signal analysis, focusing on its
ability to encode musical characteristics such as timbre,
pitch, and tuning. Through a series of simulated and real-
world experiments, we demonstrate that SPAR attractors
offer interpretable geometric representations that encode
meaningful signal dynamics.

Our harmonic simulations reveal how attractor morphol-
ogy reflects frequency content and aliasing effects, while
analyses of musical intervals and tuning systems highlight
SPAR’s sensitivity to perceptual properties like dissonance
and commensurability. The real acoustic music audio study
further validates the method’s ability to distinguish between
instrument timbres through subtle geometric density pat-
terns, achieving perfect classification in our cluster analy-
sis. These results underscore SPAR’s potential as a power-
ful and perceptually relevant tool for music signal analysis.

The real-time SPAR visualisation and animation-maker
tools support not only analyses and learning but also cre-
ative applications in sound and instrument design, and live
and multimedia performance. It will also support future
explorations, enabling interactive analysis and development
of new dynamic acoustic features. Future work will focus
on further analyses of the discrepancies between controlled
simulations and real-world scenarios, and on improving
the robustness and interpretability of SPAR.
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